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Abstract 

We report a ne'w shape invariant (SI) isospectral extension of the Morse po¬ 
tential. Previous investigations have shown that the list of “conventional” SI 
superpotentials that do not depend explicitly on Plancks constant Tt is complete. 
Additionally, a set of “extended” superpotentials has been identified, each con¬ 
taining a conventional superpotential as a kernel and additional ?i-dependent 
terms. We use the partial differential equations satisfied by all SI superpoten¬ 
tials to find a SI extension of Morse with novel properties. It has the same 
eigenenergies as Morse but different asymptotic limits, and does not conform to 
the standard generating structure for isospectral deformations. 
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1. Introduction 


Supersymmetric quantum mechanics generalizes the familiar factor¬ 

ization method for the harmonic oscillator. A general hamiltonian is factor¬ 
ized in terms of two operators A'^ = +W{x, a) and A~ = +W[x, a), 

where the function W{x,a) is known as the superpotential. We have set the 
mass m= 1/2. The product A~^ A~ is then given by 


A+A" 


-h -—h W(x,a) 
dx 


ft ——h W(x, a) 
dx 




dW{a 


dx 


( 1 ) 


This product A'^ A produces a hamiltonian H_ = + V_(x, a), where 

V-{x,a) = W'^ (x,a) — h ‘^ ■ A product of operators A~ and A+carried out 
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in the reverse order produces another hamiltonian a) with 

V+{x,a) = Vh^(a;,a) + ■ The two hamiltonians are intertwined; ie., 

A'^H^ = H^A'^ and A~ H- = H+A~. This leads to the following isospectrality 
relationships among their eigenvalues and eigenfunctions for all integer n > 0: 

^n+l ~ ^ (2) 


V'i+\ = ^and = V'i+i- (3) 

Eq. ^ implies that if somehow we knew the eigenvalues and eigenstates of the 
hamiltonian H_, we would automatically know the same for the hamiltonian 
iJ+, and vice-versa. 

We can go no further unless we know the spectrum for one of the potentials 
a priori. However, if the superpotential W(x,ai) obeys the following “shape 
invariance condition” laiaEiiT], 


TTr2/ X ^dW{x,ai) , , N ^dWix,ai+i) , , 

W^[x,ai)Ah - j - -+g(ai) = W^(x,ai+i)-h - - - -+g{ai+i), 


dx 


dx 


(4) 


the eigenvalues and eigenfunctions for both hamiltonians can be determined 
separately. In this letter we consider the case of translational or additive shape 
invariance: a^+i = Ui + h. From Eq. @ it follows that for a shape invariant sys¬ 
tem the partner hamiltonians H^{x, a^) and H_ (cc, Oi+i) differ only by values of 
parameter Oi and additive constants g{ai). The eigenvalues and eigenfunctions 
of a shape invariant system are then given by mm 

= g{an) - g{ao) for n > 0 , 


and 

r_) ^+(ao) ^+(oi) • • •^+(a„_i) V’o~H2;,a„) 

Vn {x,aQ) — --- -’ 

\Je\ \ao) E\A{ai) ■ ■ ■ e[ \an-i) 

where tpQ \x, a„) = Ne~^ w{y,a^) dy solution of ^ ^ and N is 

the normalization constant. Thus, all additive shape invariant systems are ex¬ 
actly solvable. Therefore, finding all such potentials gives important insight into 
the nature of quantum mechanical systems. Previously, researchers found a list 
of additive shape invariant potentials, generally by trial and error HEnun]. In 
Ref. [121 [13 the authors showed that all “conventional” (?i-independent) shape 
invariant superpotentials could be determined as solutions to a set of two partial 
differential equations. Additionally, they showed that the list of conventional 
shape invariant superpotentials given in Ref. nni was indeed complete. 

A new class of “extended” superpotentials was discovered [H ng and ex¬ 
panded upon [iiiiiiiiiiiiiiiniiiiiiiaiisiMi- These superpotentials contain 
explicit ?i-dependence in W. When expanded in powers of each power of h 
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yields a new partial differential equation that must be satisfied by these super¬ 
potentials nana. 

Although this formalism has been checked for consistency with already known 
superpotentials [niia, it has not been used to generate a new superpotential. 
In this letter we employ it to generate an extension of the Morse superpotential. 
This extended superpotential exhibits properties that are qualitatively different 
from those previously discovered. It has different asymptotic values than Morse 
and it contains free parameters. 


2. A Novel Potential 


We first consider conventional superpotentials that do not have an intrin¬ 
sic dependence on h. Note that in Eq. Q, for additive shape invariance 
the constant h enters W through the linear combination a + h; therefore, 
^W(x, a + h) = ^W(x,a + h). Since Eq. Q must hold for an arbitrary value 
of h, we can expand it in powers of h, and stipulate that the coefficient of each 
power vanishes. This leads to two independent equations [I1II3]: 


TTr 1 dg{a) 

W -1- 

da dx 2 da 


(5) 


and 


sis 

The general solution to Eq. Q is 

W{x,a) = a ■ Xi{x) + X 2 {x) + u{a) , (7) 

where Xi, A 2 , and u are arbitrary functions. When combined with Eq. ([5|, this 
general solution reproduces the complete family of conventional superpotentials, 
as shown in Table [121 US] • 

The additional set of extended superpotentials reported in [H ng obey 
the shape invariance condition given in Eq. Q only when their IT’s depend 
explicitly on h. Each of these extended superpotentials is isospectral with one 
of the conventional superpotentials listed in Table 

To determine the differential equations obeyed by extended superpotentials, 
we expand the superpotentials in powers of Ti. I.e., we define 

00 

IT(a:, a, ?i) = ^ ?i'^ITj (a;, a). (8) 

j=o 

Since uq = a and oi = a + h, this power series yields 


00 i 

W (x,ai,h) ^^212 


j—0 k—0 


d’^Wj-k 
kl da^ ’ 
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Name 

Superpotential 

Harmonic Oscillator 

^UJX 

Coulomb 

3-D oscillator 

t+l 

2{l+l) r 

Morse 

• 1 

Q.) 

cq 

1 

Rosen-Morse I 

—A cot X — ^ 

Rosen-Morse H 

A tanh x + ^ 

Eckart 

—Hcothcc -1- ^ 

Scarf I 

A tan X — Bsec x 

Scarf H 

A tanh x + Rsech x 

Gen. Poschl-Teller 

Hcotha: — Rcosechcc 


Table 1: The complete family of ?i-independent additive shape-invariant superpotentials. 


d^-^{WkWs-k) 

w (x,ai,h) = 


j—0 s—0 k—0 


(j — s)! da^~ 


and 


dW 

dx 


^ ^ k\ da^dx 

a—a\ j—^k=0 


We then substitute these into Eq. Q and demand that the equation hold for 
any value of h. This is possible only if the coefficients of the series for each 
power of h are identically zero. We obtain for j = 1 


, dWo 

dx 


da 


(Wo^+g) =0, 


(9) 


for j = 2 

dW^ d 

^-^(f^oW^i)=0, (10) 

and for j > 3 


E 


fc=2 


O dW,., 
dx 


EE 


s=l k=0 


1 d'^ Wj-k 

{k — 1)! da’^~^ dx 


1 ai-® 

(j — s)! 


Wk TV«_fc + 



dmo 

dai~^dx 


( 11 ) 


These equations appear to differ from similar equations in Ref. [T^ [13] , but 
they are in fact equivalent. 

We first observe that Eq. is identical to Eq. i.e., all conventional 
shape invariant potentials automatically satisfy Eq. H. Hence, conventional 
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superpotentials can be used as kernels to build extended superpotentials. If Wq 
is a conventional superpotential, then Eq. ^ is automatically satisfied for Wq, 
meaning that the last term of Eq. 0 disappears. 

In the remainder of this paper, we use the Morse superpotential as a kernel 
to construct an extended superpotential. In Ref. [52], the author generated 
a quasi-exactly solvable extension of Morse and showed that it was not shape 
invariant. 

The strength of the method used in this letter is that we can employ Eq. 
0 term-by-term in order to generate a manifestly shape-invariant solution. 
Hence, we begin with Wq = {a — a) — e~^ and choosing Wi = 0, the equation 
for W 2 reads 

dW2 _ dWoW2 

dx da 

This equation is solved by 

W 2 {x, a) = e-^ {2P + Qe-^^ -2 {a-a) Qe-^) , 

where P and Q are constant parameters. Assuming W 3 to be zero, the equation 
for W 4 is 


^d{WoW4P\W^) d (dW2dWo 


dx 


da 


da \ da da 


3 1 ’ a<i3 " ao3 / 


The above equation is solved by 

W 4 {x, a) = -Qe-^^ {2P + - 2 (a - a) Qe-^) . 

Generalizing this process yields IT 2 fc_i = 0 and 

W 2 k = ( 2 P + Qe- 2 " - 2 (a - a) Qe"") 


( 12 ) 


for all positive integers k. Computing the infinite sum ®)> 

obtain 


W{x, a, Ti) 


, , h^{2Pe^-2{a-a)Q + Qe-^) 

(a-a)-e “ H-^-V-^ 


(13) 


The shape invariance of a superpotential of this form can be directly checked. 
Substituting the above expression into Eq. @ yields 

W^(x, a) — W^(x, a-|-?i)-|-?i-^ (W(x, a) -|- IT(x, a -|- h)) = h{2{a — a) — h), (14) 

dx 

which can be brought into the form of Eq. (Wl) by choosing g{a) = —{a — a)^. 
This leads to the energy eigenvalues En = g{a + nfi) — g{a) = (a — a)^ — (a — 
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a — nfi)^. These values are exactly the same as those of the Morse potential. 
Figs. Q and ([^ show W and the partner potentials V- and where we have 
chosen the specific values A = 3, B = 5, a = 5, a = 2, and = 1, as an example. 
Asymptotic limits for this extended superpotential are finite and their absolute 
values are equal. Consequently, the resulting potential has identical limits at 
± 00 . 



Figure 1: Superpotential W for P = 3, Q = 5, o; = 5, a = 2, and h = 1. Its asymptotic values 
imply an unbroken supersymmetry. 



Figure 2: Potentials V- and V+ for the same values of the parameters as Fig. 1. The deeper 
potential is V—, and it holds the zero-energy groundstate. 

The ground state eigenfunction can be obtained from the first order differ- 
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ential equation A (x, a) ipoix, a) = 0, yielding 


tjjoixja) = N (^h^Q + exp 


c(a — a) + 






where N is the normalization constant. The excited states can be obtained 
recursively by applying the A'^ operator to ij^Q. The first excited state is 
'ipi{x,a) = A'^(x,a)ipQ(x,a + K)/^/Ei, and so on. For example, with our partic¬ 
ular choice of parameters, the potential V-{x) holds three bound states, corre¬ 
sponding to the eigenenergies 0, 5 and 8. The fourth energy level is at 9, which 
does not hold a bound state. We obtain for the ground state eigenfunction 


ipo^x) 



exp 


3a; — Vb tan ^ 



and for the first two excited states 


■ipiix) 


20 


(e2- + 2e--5)^/^ 


-I- 5)" 


^ exp 


2a; — tan ^ 



y/Eir 


tp2{x) = 


4 -fi 20e3“ - 206^^ - lOOe"^ + 75) 


X exp 


-I- 5)'^ 

■ — v^tan”^ (+ 


•\/571 


As expected, the fourth energy level does not hold a bound state, as its 
corresponding eigenfunction is not square integrable. Fig. ([^ superimposes 
over the potential V-{x) the three bound-state eigenfunctions together with 
their corresponding eigenenergies. 

Ash, —>■ 0, this transforms into the Morse potential, as expected. In addition, 
parameters P and Q also allow us to deform the potential away from the Morse 
potential without affecting its eigenvalues. In this sense, we can consider it to 
be a shape-invariant isospectral deformation of Morse. 


3. Conclusions 


In this letter, we have shown that the partial differential equations (II) can 
be used to generate a shape invariant extension of the Morse superpotential, 
whose asymptotic limits differ from those of Morse. In addition, the free pa¬ 
rameters available in this model allow for its isospectral deformation away from 
Morse. 
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Figure 3: The three bound-state eigenfunctions (shown in blue) for V- (dashed line) with 
P = 3, Q = 5, a = 5, a = 2, and ?i = 1. Each eigenfunction is shown superposed on its 
corresponding eigenenergy (shown as a horizontal red line). 
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